The fact that change of scale is a pathological transformation in Wiener space has long been known. For many problems, this pathology causes no special difficulties. However it is sometimes necessary to consider functions of the form F(λx) where λ varies over the positive reals and x varies over Wiener space. In this setting a variety of conceptual subtleties arise. In this paper we give a framework and several results which prove useful in dealing with these difficulties. In the last section of this paper we discuss several papers in the recent literature in the light of this framework.
1* Notation and terminology; introduction* Let T = [0, 1]
and let C 0 (T) denote Wiener space, that is, the space of real-valued continuous functions on T which vanish at t = 0 (The notation C Q (T) will never be abbreviated to C o . The latter notation will be introduced latter for a certain proper subsets of C 0 (T) The key to our discussion is the following result due to Levy [35] and independently, but later, to Cameron and Martin [8] . THEOREM 1. m^CJ = 1.
Levy actually established a deeper result. He showed that if {π n } is any nested sequence of partitions of [0, 1] whose norm approaches zero, then lim^^ S x Jx) = 1 for m x -a.e. x in C 0 (Γ). Cameron and Martin [8] and Cameron [2] showed that Theorem 1 has some surprising implications for the scale change and translation transformations in Wiener space.
A subset A of C 0 (T) is said to be scale-invariant measurable provided XA is in <$f for all λ > 0. A scale-invariant measurable set N is said to be scale-invariant null provided m^XN) = 0 for all λ > 0. A property which holds except on a scale-invariant null set will be said to hold s-almost everywhere (denoted by s-a.e.). Cameron and Martin introdduce the concept of scale-invariant null sets in [8] . The classes of scale-invariant measurable and scale-invariant null sets will be denoted by Sf and Λ r respectively. A function F is said to be scale-invariant measurable provided F is defined on a scale-invariant measurable set and F(Xx) is Wiener measurable for every λ>0. Two functions F and G on Wiener space are said to be equivalent (F***G) if they agree s-a.e.. This notion of equivalence was introduced by Cameron and Storvick in [16] . Closely related notations of equivalence were introduced earlier in [4 and 27] .
The present authors (and others) have often been perplexed about the exact nature of the above concepts. As long as one considers a fixed scaling in Wiener space, the scale change pathologies pointed out in [8 and 2] cause no problems. However it is often necessary [3, 4, 9 ~ 19, 21, 24 ~ 34, 38, 39] to consider functions of the form F(Xx) where x is in C 0 (T) and X varies over the positive reals. (The natural functions to consider are often somewhat more complicated than F(Xx); for example, F(X~1 /2 x + ξ) where X > 0, xeC 0 (T) and ξ is a real number. We will focus our attention on the functions F(Xx) since, once, this is understood, it is not difficult to make adjustments to fit the other cases.) Some of the problems that arise with scale changes can be avoided by considering only Borel measurable functions F on the uncompleted Wiener measure space (C 0 (Γ), &, mj. Unfortunately however, one cannot avoid all the scale change pathologies by restricting attention to Borel measurable F. One striking illustration of this is provided by an example and theorem due to Cameron and Storvick [16, . They exhibit two Borel measurable functions F and G which agree except on an m r null Borel set and yet their "Fourier-Feynman transforms" are unequal m Γ a.e.. In contrast, they show that if F and G are equivalent (equal s-a.e.) and if the "Fourier-Feynman transform" of F exists, then the "Fourier-Feynman transform" of G exists and is equivalent to it. In the last section of this paper we will see that related phenomena occur in the setting of the "Feynman integral".
The results in § §2 and 3 on scale change and translations turn out to be quite simple when looked at from the right point of view; in spite of this (perhaps because of this) they provide valuable insight into exactly what scale-invariant measurable sets and scaleinvariant null sets are really like and exactly how they compare to Wiener measurable sets and Wiener null sets respectively. These results allow us to expand on and understand better some of the old results in [8] and [2] . In addition, as we will discuss in the last section of this paper, they help considerably in understanding several recent papers. Λf is an minull Borel set. But then λ~Wcλ~1ilί is in ^Y[. The converse can be shown in essentially the same way.
(ii) Let E be in £f λ . Then E = B U N where B is in & and N is in Λr λ . Then λ"W is in ^/< by (i) and so λ" 1^ = λ" 1^ U λ"W is in «pf. The rest of (ii) is easily checked.
(iii) Let E be in Sf x . Then E = B (J N where B is in & and N is mrxiull. Then Similarly Λ" = Π^>o -^I ^ is a σ-algebra since the intersection of σ-algebras is a σ-algebra. Proof. Suppose E is in &[ Let λ > 0 be given. E is in â nd C λ is in ^ c S^ and so E Γ\ C λ is in ^J. Conversely, suppose EΠ C λ is in ^f for every λ > 0. We wish to show that E is in £f λ for every λ > 0. But C 0 (T)\C λ is m r null and so E = (EnC λ 
(ii) is proved in somewhat similar fashion. Proof.
. The decomposition follows from Proposition 4 and the fact that C 0 (T) is the disjoint union of D and the sets C λ , λ ^ 0. Conversely, suppose that E has the form (1). To show that E is in Sf 9 it suffices by Proposition 3 to show that E is in ^0 for every λ 0 > 0. Now E ΓΊ C λo is in Si 0 by assumption and / U E λ \ ci is REMARK. The preceding theorem shows rather strikingly that there are many more Wiener measurable sets than scale-invariant measurable sets: A set E is Wiener measurable if and only if it has the form E γ U L where J5Ί is an m Γ πieasurable subset of C ι and L is an arbitrary subset of (Uo<^i QUΰU C o . Similarly a set is Wiener null if and only if it has the form N X \JL where N λ is a mi-null subset of C ι and L is an arbitrary subset of (Uo<**i C λ ) U DUC 0 .
Let 0 < t t < < t n ^ 1 and let G be a Lebesgue measurable
It is well known that sets of the form where
How do these two decompositions relate to one another? The next proposition shows that they agree up to a scale-invariant null set. PROPOSITION (4) and corresponding respectively to our original sequence of partitions and to π have the property that the set
Let E be in Si Then the two decompositions of E given by
Proof. First note that for all λ > 0
Thus by Theorem 5, the set
is scale-invariant null. In similar fashion one can show that the set U;>o (Ef\E λ ) U (L π \L) is scale-invariant null which concludes the proof since
3* Translations* In [2] Cameron used the pathology of scale change transformations in Wiener space to show that almost no translations preserve Wiener measurability. Specifically, he obtained a set E in Si such that T y E = E + y is not in Si for m L -a.e. y in C 0 (T). We obtain several facts below which fill in this picture. For example, we will see that if E is in SK τ then the set E + y is in Si for mi-a.e. y. More generally, we will see that if E is in S^-^-ζ, then E + y is in S% for m^-a.e. y. We need the following result. 
where by = we mean that if either side exists, both sides exist and they are equal.
Comments on the proof of Theorem 9. A simple use of the change of variables formula [20, p. 163] shows the equivalence of (a) and (b) and the equivalence of (c) and (d) and the corresponding integration formulas. The integration formulas for Borel measurable / were known to Levy. The fact that (a) implies (d) and the corresponding integration formula is a corollary of a more general result due to Bearman [1] ; this corollary was specifically pointed out in [15; Lemma 2, p. 239] . The fact that (d) implies (a) requires some work and may not have appeared in the literature; it was proved in [23] . We omit the proof since we do not need this particular implication below.
REMARK. There is a natural extension of Theorem 9 involving n positive numbers instead of 2.
The next result follows immediately from Theorem 9, the fact that for Wiener integrals t F( -x)dm 1 (x) = \ F{x)dm ι {x), and
the Fubini theorem, if we take / to be the characteristic function of E where E is in «5 
When p = q -1, the next corollary is Cameron's earlier result. Since m q {Gj^^) = 0 and A c Cv^ζ, we see that A is in .^ and hence in ,5^. But y + A = ikf* is not in <5^.
Next we give some positive results concerning the translation of scale-invariant measurable sets and scale-invariant null sets. Proof. Let E be in S? and let p > 0 be given. It suffices to show that for each λ > 0, E + y is in £f v for m^a.e. y. But E in £f implies that E is in S^-^fi and so the result follows from Theorem 10. yl (ii) Suppose N is in ,/K Is it the case that N + y is in ^y for s-a.e. #?
Remark on (ii). Let iV be in ^γ[ For each λ > 0 let A λ{ yeC Q (T):m λ (N+y)>0}.
We know that A λ is in ^V for each λ > 0. The answer to question (ii) would be yes if one could show that A Ξ= U;>o A x was in ^K Although it will not concern us in this paper, we should mention that there is a small (m^measure 0) but useful set of translators for which the translation map on (C 0 (Γ), Sζ 9 m x ) is measurable. The relevant result is known as the Cameron-Martin translation theorem. For information on this topic, see the papers of Cameron and Martin [6, 7] , Maruyama [36] and Segal [37] . 4* Scale-invariant measurable functions* In this section we give some simple but useful results about measurable functions. Let &{F)(£f{F), S^λ(F); λ > 0) denote the class of all real-valued functions which are defined on a Borel (scale-invariant measurable, m λ -measurable respectively) subset of C Q (T) and which are measurable with respect to the cr-algebra &(£ζ S^λ respectively). We will only discuss real-valued functions for convenience. However, all the results hold for complex-valued functions as well. The next three propositions follows from Proposition 3, Theorem 9, and Proposition 6 respectively. Hence JP* is defined on C λ except on N λ and so i^ is m r a.e. defined.
i) F λ is in <9[(F) if and only if F is in £%F). (ii) F is in £f(F) if and only if F λ is in £ζ(F) for every

Since F is in S/*(F), given a Borel subset B of the reals, F~\B) is in ^ = f|>o S/ί-Hence {F λ )~\B) = F"\B) Π C λ is in ^. Hence iî s in £S λ (F).
Conversely, suppose that for each λ > 0, F λ is defined except on an m r null set N λ c C λ and F λ is in <9%F). Then JP must be defined except on some subset of the scale-invariant null set (U^>o^)U(βUCo). Hence C 0 (T)\J is scale-invariant null and F is s-a.e. defined. Let B be a Borel subset of the real line. To show that F~\B) is in Sf it suffices by Proposition 4 to show that F"\B) Π C λ is in Sf λ for every λ > 0. But this is so since F~\B) f] C λ = (F λ )~\B) which is in S^χ as desired.
If F is a bounded, Borel measurable function on the reals and if {λj, λ are positive numbers such that X n -> λ, then one easily
It is tempting to try to make a }a the same argument for functions on Wiener space, but the following example shows that this cannot be done and further illustrates the care that must be taken in dealing with scale changes. EXAMPLE 20. Let λ > 0 be given and suppose that x n | λ. Let F(z) -1 -Z(? λ («). F is bounded and Borel measurable. Now z is in C ι for mfa.e. z and so X n z is in λ % C L = C λn aC 0 (T)\C λ for m^.e. z. Hence \ F{X n z)dm ι {z) = 1 for every n. On the other hand,
S JC O (Γ)
F(Xz)dm 1 (z) = 0 and so
jc Q {τ) JC Q (T)
A positive result along these lines can be obtained by assuming that F is continuous s-a.e.. One can see that several useful functions are s-a.e. defined and scale-invariant measurable by starting with the simple proposition that follows. PROPOSITION 
23.
Let 0 < t γ < t 2 < < t n <; 1 and let f be a
Lebesgue measurable function on R n . Let F(x) =/(xfa), •••,«(<»))• Then F is s-a.e. defied and scale-invariant measurable.
Proof. It is well-known that if / is a.e. defined and Lebesgue measurable, then F is m Γ a.e. defined and Wiener measurable. The result follows since, for every λ > 0, multiplication by λ followed by / is a. e. defined and Lebesgue measurable just as / is. 5* Some related papers* In this section we indicate some ways in which the work in this paper provides insight into several recent papers. Except for the first topic below, we will assume that the reader is familiar with the basic definitions. We begin with a discussion of the analytic Wiener and analytic Feyn man "integrals" since in this case the necessary definitions can be easily and quickly given. These integrals were introduced by Cameron in [3] and have played a key role in certain later work [4, 16, 34] .
Let C + denote the set of complex numbers with positive real part. Let F be a function such that the Wiener integral J(λ) = Let q be a real number (q Φ 0) and let F be a function whose analytic Wiener integral exists in C + . Then if the following limit exists, we call it the analytic Feyman integral of F over C 0 (T) with parameter q, and we write x) = 0 m Γ a.e. but (6) and (7) Proof. For the first assertion we take F(x) == ZσoCDxα^)-Then = G(a ) m Γ a.e. since F = G on C x . However for X φ 1, 172^) = 1 m r a.e. and so
for all X in C + and all real q Φ 0. To prove the second assertion, let F(x) = Z(7 0 <r)\uλβ>iCji-i/a(») For λ 0 in yί, .P(λ^1 /2^) = 0 for m^a-e. # siuce X^1 /2 x is in λ^" 
The result now follows since for X > 0,
The next result shows that one can get arbitrary analytic functions g (and so arbitrary boundary values) even with very "nasty" F's. Proof. We define F as in Theorem 27 except that for F in
as before, but of course F(X~ί /2 x) is m^nonmeasurable for all X in A.
We have just seen that arbitrary analytic functions g can arise as analytic Wiener integrals. The next theorem is along opposite lines. In [16] and [34] all the functions considered are required to be Borel measurable. However a study of the proofs shows that for the class of functions dealt with in detail by those papers, namely functions F as in Proposition 23 and others "built" out of such functions, Lebesgue measurability rather than Borel measurability is the "right" assumption on the functions /. On the other hand, it is clear from the Cameron-Storvick example and other considerations that Wiener measurability is not the appropriate setting for these papers. It turns out that the concept of scale-invariant measurability is precisely the correct one for the theory developed in [16] and [34] . In I ~ IV below we describe the main results of [16] Then F is defined s-a.e. and is scale-invariant measurable. Furthermore T q F exists and is scale-invariant measurable.
IV. One can proceed to build a larger space by taking certain sums of functions as in III. One can show that such functions F are scale-invariant measurable and that T q F exists and is scaleinvariant measurable. We remark that this final class of functions includes functions of the form. F{x) = exp ίi θ{t,x{t))dt\ a class of functions on Wiener space which is of considerable interest.
We will not give proofs of I ~ IV above. We note however that Proposition 21 plays a key role in the proof of I and Propositions 21 and 23 play major roles in the proof of II. II is then used to prove III which, in turn, is used to prove IV. Finally we remark that improvements similar to I -IV can be made throughout [34] .
Next we give some discussion and results associated with the operator-valued Feynman integral or Cameron-Storvick function space integral as studied in [9 ~ 13, 18, 19, 21, 24 ~ 33] . These results clarify the basic definitions of the theory in a variety of ways and show the necessity of the equivalences introduced in [27, 29, 30, 33] . The results below hold in the L(L P , L p >) theory [33] in general and for all allowable dimensions. However, for simplicity, we give the results just in the L(L 2 , L 2 ) case with dimension 1. See [9] or [33] for the basic definitions.
One considers complex-valued functions F on C(T). Any y in C(T) has a unique decomposition y = x + ζ where x is in C 0 (T) and ζ is in R. Hence it is natural to regard two functions F and G on C(T) as equivalent if F{x + ζ) = G{x + ζ) for a.e. (x, ξ) in C 0 (T) x R. However we will see that this is not the right notion of equivalence for the operator-valued function space integrals Iχ(F). Let G be identically 0 on C(T). Given any p > 0, p Φ 1, we will show in Corollary 31 below that there exists a function F on C(T) such that F(x + ζ) = G(x + ξ) for a.e. (x, ξ) but I P (G) is the 0 operator where- Lemma 1.1] and [24, p. 776] for some discussion concerning this operator; in those papers it was denoted by C x .) 
σ o (D as was to be shown. Now let λ 0 be in Z. Then for every ξ in 12, F z {X~ι /ϊ x + ξ) = 0 for m r a.e. *. Thus IT(FZ) and J a q n (F z ) fail to exist whereas iTiβ) and J°n(G) are all the 0 operators.
Proof. We just need to be comment on the last assertion. It is well-known that K λ is analytic in λ throughout C + [24] and is never the 0 operator. For Γ λ n (F z ) to exist it would have to be an operator-valued analytic function on C + such that, (i) IT(F Z ) = I λ (F z ) is the zero operator for λ in Z and, (ii) I\\F Z ) = Iχ(F z ) = K x for λ in W. But this cannot happen by the Identity theorem [22] since at least one of Z, W has a limit point in (0, ©o). Since IT{F Z ) fails to exist, the operators J a q n {F z ) cannot possibly exist.
In the next corollary, we explicitly point out that it is possible to have F z equal to G in a very strong sense and yet fail to have I λ (F z Proof. g(X)K λ is an operator-valued analytic function of X for X in C + and so it suffices to find F such that I λ (F) = g(X)K λ for X > 0. Let " ί^( The result now follows since \\K λ \\ = 1 [24, p. 776 ].
The next result shows that Iχ(F), X > 0, can depend on X in a rather arbitrarily pathological way. and argue as in the preceding proof. We will conclude this section with some relatively brief comments on the papers [14, 15, 17] . Although we are less familiar with these papers, it appears very likely that some of the ideas and results of this paper (as well as the extensions of [16] found in [34] in the case p = 2) will allow one to better understand and extend these papers as well. As a test of this, we tried to see if we could improve on Theorem 1 of [15] with reference to the assumptions on ψ. In [15] , it is assumed that ψ is Borel measurable and that for every X > 0 and every rj in C 0 (T), ψ(Xy + 7)) is Wiener integrable as a function of y. We get a related result under the simpler and more general assumption that ψ is scale-invariant integrable; i.e., ψ is s-a.e. defined and ^-measurable and \ | ψ(\x) | dm λ (x) < oo for every X > 0. where m denotes Yeh-Wiener measure on C 2 [R] .
In addition to the likelihood of being able to extend [17] , it appears that one should be able to give examples and results for the operator-valued Yeh-Feynman integral which parallel the examples and results given earlier in this section for the operator-valued Cameron-Storvick (or Feynman) integral.
